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Some criteria are obtained which guarantee that all solutions of the second order 
nonlinear perturbed differential equations 
(r(l) y’(l))’ + p(t) y’(t) + Q(4 y(l)) = H(L ?;(t), f(f)) 
are oscillatory. 8 1989 Academic Press. Inc. 
A regular (infinitely continuable) function which is defined for all large 1 
is called oscillatory if it has no last zero, otherwise it is called non- 
oscillatory. 
Consider the second order linear differential equations 
y”(t) + P(f) At) = 0 (E,) 
with a sign variable coefficient p(t) E C[ to, 00). Kamenev [8] proved that 
every regular solution of (E,) is oscillatory if 
lim sup t’-” 
s 
’ (t-s)“-’ p(s)ds= co, for some integer n > 3 
1-J: 10 
which generalized the well-known oscillation theorem of Wintner [ 131. 
Recently numerous studies addressing several areas of this subject have 
appeared. For general interest we refer to Grace and Lalli [2-51, Grace, 
Lalli, and Yeh [6], Philos [9, lo], Singh [ll, 121, Wong [14, 151, Yan 
[ 16, 173, and Yeh [ 18,193. 
In 1980, Grace and Lalli [l] discussed the oscillatory property of 
solutions of the perturbed nonlinear differential equation 
(r(t) y’(r))’ + w4 y(r)) = F(r, y(t), y’(t)) (Ez) 
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and proved the following interesting result: 
THEOREM A. Let 
(a) r(t) E C(J= [to, co ), (0, m )); 
(b) MEC(JXR, R=(- XI, 03)) and FE C(Jx R2, R) satisfy 
M(t, Y) am(t) fi(Y)> Qt, Y, Y’) < b(t) dy’) f2(y) 
fory#O,wheremEC(J,R),bEC(J,R, =[O,oo)),g,J;~R(R,R),i=l,2, 
with xf,(x)>O for i= 1, 2, f2(x)<f,(x), S;(x)>0 for all x#O, and 
0 < g(x) < c for some constant c; 
(c) s” (l/r(s)) ds = co; 
(d) j” (m(s) - cb(s)) ds = co. 
Then all regular solutions of (E2) are oscillatory. 
Theorem A contains Theorem 1 of [7] and Theorem 6(i) of [15]. 
The purpose of this paper is to establish some sufficient conditions under 
which all regular solutions of the second order nonlinear perturbed 
differential equations 
(r(t) y’(t))’ + p(t) v’(t) + Q(t, y(t)) = H(t, y(t), y’(t)) (E) 
are oscillatory by using Kamenev’s technique. 
In the sequel we assume that 
(A) r, p~C(1= [T, oo), R), r(t)>0 for all t> T>O; 
(B) QEC(IX R, R) and HEC(IX R2, R) satisfy 
yQ(t, v) 3 yq(t)f,(y) and yH(t, Y, y’) G yh(t) g(y’) f,(y) 
for all y#O, where q, h E C(I, R) and g, fi, f2 E C(R, R) such that 
(i) vfifv)>O and yf,(y)>O for Y ZO; 
(ii) h(t)>0 for t> T, 
(iii) 0 < g( y’) < c for some constant c. 
THEOREM 1. Let 
(Cl) f;(y)>/k>Oondf2(y)/f,(y)<Kfory#0, whereK>O. 
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If there exists a function p E C’(I, (0, 00)) such that 
(t-s)‘(q(s)-&h(s)) 
.fir some a > 0, then every regular solution of(E) is oscillatory. 
Proof Let y(t) be a nonoscillatory solution of (E) for which, without 
loss of generality, we may assume that y(t) # 0 for t > T. Define 
w(t) := r(t) y’(t) p(f) 
.l;(y(t)) 
Then IV(~) satisfies 
p’(t) f;(t) ---w(t)+- 
p(t) p(t) r(t) 
w’( 1) = 0. 
This and (B), (C,) imply 
w(t) + dtNq(t) - cKh(t)) 
k 
+ p(t) r(t) 
-ww’(t)<O. 
Thus 
Since 
/)t-S)” w’(s)ds+~~(t-sy 
[ 
k -w%,+(+$+s,ids 
P(S) r(s) 
+ 1 : (t - sp p(s)(q(s) - cKh(s)) ds d 0. 
I ‘(t-s)=w’(s)ds=c( [’ T  
(t-s)“-‘w(s)ds-w(T)(t-T)“, 
r 
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we obtain 
tra 
5 ’ (t-s)= p(s)(q(s) - &h(s)) ds T  
Hence 
tra J (t-s)2(q(s)+cKh(s)) 
-(4k)-‘r(s) (t- ) [ s ($-$f)+"l'jds 
0 
+ w(T) 
as t + co, which contradicts Condition (C,). Thus our proof is complete. 
COROLLARY 2. If the condition (C,) is replaced by 
and 
lim sup t-lx 
5 * (t - s)~ p(s)(q(s) - &h(s)) ds = co I-a-J T  
(C,) lim trZ ’ 
t-m s 7 
p(s)(t-s)“-‘[(t-s)($$-$$)+ards<m, 
then every regular solution of(E) is oscillatory. 
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THEOREM 3. Let the condition (C,) hold. If there exist a positive,function 
p E C’(Z) aed a positive comtant o! such that 
’ (Cd) lim sup t P;1 
1-I 
(I - 3)’ p(s)(q(s) - cKh(s)) 
I -. ,K’ 7
-(4k)-’ (t-s)“(‘:)rs~(J)+ap(s)-(t--r)p~(s) 
[ I 
2 
r(s) x(t--s)‘-‘- ds=m, 
P(J) > 
then every regular solution of (E) is oscillarory. 
Proof. Let y(t) be a nonoscillatory solution of (E) for which, without 
loss of generality, we may assume that y(r) # 0 for t 2 T. Define 
w(t) := r(t) y’(t) 
f,(Y(f)) . 
Then w(t) satisfies 
H p(t) w’(t)=--- 
f,(y(t)) r(t) w(t) 
_ Q(t. y(t)) f;Mt)) w2(t) 
f,(y(t)) - - r(t) ’ 
This and (B), (C, ) imply 
w’(t)+‘flw(t)+q(t)-cKh(t)+Lw2(t)<0. 
r(t) r(t) 
Hence 
j-’ (t-s)’ p(s) w’(s) ds + j-i (t-s)’ p(s)‘+ w(s) ds 
T  
+kj:(t-s)$+v’(s)ds 
+ 1’ (t-s)” p(s)(q(s) - &h(s)) ds d 0. 
T  
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1; (I -s)” p(s) w’(s) ds = LY i‘: (t -s)‘- ’ p(s) w(s) ds 
- 
s 
; (t -s)’ p’(s) w(s) ds 
- W(T)(f - Tj” P(T), 
we get 
5 ’ (t-s)” p(s)(q(s) - cKh(s)) ds T  
< (t - T)’ ,o( T) w(T) - j”; k(r Ifs’, ‘(‘) w2(s) ds 
- I :(t-s)“-’ W(S)[(f--S)p~~s~(S) 
+ q(s) - (I - s) p’(s) 1 ds. 
This implies 
f 1 -a 
,i 
(1 - sy p(s)(q(s) - cKh(s)) - (4k)- J 
T  
P(S) P(S) 
r(s) 
+crp(s)-(t-s)p’(s) 2(t-s)a-2 1 
< lP(f - 7-y p(T) w(T) - t-OL 
+~P(s)-(t-s) P'(S) 
dtP(t- T)“p(T) W(T). 
Taking the upper limit as t -P a3 and using (C,), we obtain a contradiction, 
This contradiction proves our theorem. 
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COROLLARY 4. If the condition (C,) in Theorem 3 is replaced by 
’ lim sup tr” (t-s)’ p(s)(q(s) - cKh(s)) ds = co 
1-z T  
and 
lim tr’ ’ 
I[ 
(t-s) 
P(S) p(s) 
2 
4s) 
+ ap(s) - (t -s) p’(s) 
I * 1 T  1 
x (t-s)“-2 $$ds<m, 
then every regular solution of (E) is oscillatory. 
TmmM 5. Let q(t)>& fi(y)/y3k, >O, and f,(y)/y<k, for y#O, 
where k, and k, are constants. If there exists a positive function p E C’(I) 
such that 
(C,) (t-s)‘(k,q(s)-ck,h(s)) 
for some a > 0, then every regular solution of (E) is oscillatory. 
Proof. Assume that y(t) is a nonoscillatory solution of (E) such that 
y(t) # 0 for t 2 T. Define 
w(t) := p(t) r(t) y’(t) 
r(t) 
Then 
p(t) w’(t) -- ff(4 y(t), y’(t)) + P(t) P(f) y’(t) 
y(t) Y(t) 
P’(l) +$ ec4 v(t))-p(t) w*(t) =. w(t)+- 
p(t) r(t) 
which implies 
w’(t) + w20+ (EEA?) w(t) 
p(t) f-(t) 
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As in the proof of Theorem 1, we can prove our Theorem 5; hence, we omit 
the details. 
COROLLARY 6. If Condition (C,) in Theorem 5 is replaced by (C,) and 
(GA lim sup t-’ s ‘p(s)(t-s)” (k,q(s)-ck,h(s))ds= co, 1-m T  
then every regular solution of (E) is oscillatory. 
Remark 1. Theorem A requires the condition 
but it is not required in our results. 
Remark 2. Our results also extend some of the results in [3, 5, 6, 8, 
17-191. 
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